Abstract. In this paper, we study the existence of uniform a priori estimates for positive solutions to Navier problems of higher order Lane-Emden equations
Introduction
In this paper, we investigate the the following higher order Lane-Emden equations in bounded domain with Navier boundary conditions: and Ω ⊂ R n is a bounded domain with C 2m−2 boundary ∂Ω. We assume the positive solutions u ∈ C 2m (Ω) ∩ C 2m−2 (Ω). The Lane-Emden equations of type (1.1) have numerous important applications in conformal geometry and Sobolev inequalities. It also models many phenomena in mathematical physics and in astrophysics (see [3, 15] ). We say equations (1.1) have critical order if m = ) and subcritical if 1 < p < p c . When m = 1, Ambrosetti and Rabinowitz [2] derived the existence of least energy positive solution to (1.1) for 1 < p < p c via variational minimization methods. When m ≥ 2, Chen, Fang and Li [5] , Dai, Peng and Qin [9] (for m < n 2 ), Chen, Dai and Qin [4] (for m = n 2 ) derived a priori estimates, and hence existence of positive solutions to (1.1) (via the Leray-Schauder fixed point theorem) for some restricted subranges of p in (1, p c ). Subsequently, in [10] (for m < n 2 ) and [11] (for m = n 2 ), Dai and Qin established a priori estimates and existence of positive solutions for all p ∈ (1, p c ), moreover, the positive solution u to (1.1) satisfies . Using what is now known as Pohozaev identities, Pohozaev [19] has shown that there are no positive solutions in the range p c < p < +∞ provided Ω is star-shaped. Han [16] and Rey [22] proved that the L ∞ -norm of positive solutions of (1.1) with m = 1 blows up as p → p c −, in addition, they have also obtained the precise asymptotic behaviour for the least-energy solutions. Di [6] established similar results as in [16, 22] for the bi-harmonic case m = 2 and strictly convex domain Ω.
In this paper, we will prove that, if Ω is a star-shaped domain, the L ∞ -norm of positive solutions of (1.1) with general 2 ≤ m < n 2 blows up as p → p c −. First, we will deduce a Pohozaev type variational identities (see [12, 19, 20, 21] ) for the following generalized higher order Navier problems:
where n ≥ 2, m ≥ 1, the function f : R + → R + is continuous and Ω ⊂ R n is a bounded domain with C 2m−2 boundary ∂Ω. The following variational identities are valid for higher order Navier problems (1.3).
is a nonnegative solution to (1.3), then it satisfies the following identity: As a consequence of the Pohozaev type variational identities, we can deduce Liouville theorem for higher order Navier problems (1.3). Liouville type results for fractional and higher order Hénon-Hardy equations in balls with Dirichlet or Navier boundary condtions have been established in [10] by developing the method of scaling spheres. For Liouville theorems on higher order Dirichlet problems via Pohozaev type variational identities, please refer to [12, 19, 20, 21] .
Our Liouville type result for Navier problem (1.3) is the following corollary. In particular, if we take f (t) := t p , then Corollary 1.2 implies immediately the following Liouville theorem for Navier problem (1.1) in both critical and super-critical cases. 
with n ≥ 2 even. Next, we consider the critical order cases m = n 2 with n ≥ 2 even. In contrast with the non-critical order cases, Ren and Wei [23] showed that the least-energy solutions of (1.1) stay uniformly bounded as p → +∞. Subsequently, Kamburov and Sirakov [18] proved that positive solutions of (1.1) with m = 1 in a 2D smooth bounded domain Ω are uniformly bounded for all large exponents p 0 ≤ p < +∞. For asymptotic description of positive solutions to (1.1) in the case m = 1 and n = 2 as p → +∞, please refer to [1, 7, 8] .
In this paper, by using the methods from Kamburov and Sirakov [18] of employing the Green's representation formula and results from Chen, Dai and Qin [4] , we will establish uniform a priori estimates for positive solutions to critical order Navier problems (1.1) (with general m = n 2 and n ≥ 4 even) for all large exponents p in strictly convex domain Ω with C n−2 boundary ∂Ω.
We have the following uniform a priori estimates for the critical order Navier problems (1.1).
, Ω ⊂ R n is strictly convex and let p 0 > 1. There exists a constant C depending only on p 0 , n and Ω, such that for all
Remark 1.6. Theorem 1.5 extends the uniform a priori estimates derived in [18, 23] for second order case m = 1 and n = 2 to general critical order cases m = n 2 and n ≥ 4 is even.
Remark 1.7. Being essentially different from the second order case m = 1 and n = 2, the information and estimates on −∆u play a crucial role in the proof of Theorem 1.5, please see Lemma 3.1 and 3.3. More precisely, we proved in Lemma 3.3 the following crucial property:
In particular, from the proof of Lemma 3.3 (see (3.30)), one has the following pointwise estimates at the maximum x 0 of u in Ω:
For related pointwise inequality in R n , we refer to Fazly, Wei and Xu [13] .
The rest of our paper is organized as follows. In Section 2, we carry out the proof for Theorem 1.1 and Corollary 1.2. Section 3 is devoted to proving our Theorem 1.5. In this section, we will first prove Theorem 1.1.
Proof of Theorem 1.1. Without loss of generality, we may assume that 0 ∈ Ω and x 0 = 0. Since u is a nonnegative solution to the generalized Navier problem (1.3), by Navier boundary condition and maximum principles, we get
where ν denotes the unit outward normal vector at x ∈ ∂Ω. Multiplying both sides of the equation (1.3) by x · ∇u and integrating on Ω, one gets
Integrating by parts yields
where
For the left-hand side of (2.3), by calculations and integrating by parts, we have
Continuing this way, we get the following two different cases: i) if m is even, then
ii) if m is odd, then
As a consequence of (2.3), (2.4), (2.5), (2.6) and (2.7), we arrive at the Pohozaev type identity (1.4) immediately. This concludes our proof of Theorem 1.1.
Proof of Corollary 1.2. Assume the function f satisfies nF (t) −
n−2m 2 f (t)t ≤ 0. Without loss of generality, we may also assume 0 ∈ Ω and Ω is star-shaped with respect to 0. We argue by contradiction, assuming that u is a nontrivial nonnegative solution to Navier problem (1.3). By (2.1) and strong maximum principle, we have
Then, from (2.2), Navier boundary condition and Hopf boundary Lemma, we deduce that
Since Ω is star-shaped w.r.t. 0 and f satisfies nF (t) − n−2m 2 f (t)t ≤ 0, then we can deduce from Theorem 1.1 and (2.9) that
where we have used that x · ν ≥ 0 for x ∈ ∂Ω, and that this quantity cannot be identically zero on ∂Ω. It is clear that (2.10) is absurd. This finishes our proof of Corollary 1.2.
Proof of Theorem 1.5
In this section, we will prove Theorem 1.5 by using the methods from Kamburov and Sirakov [18] of employing the Green's representation formula and results from Chen, Dai and Qin [4] .
In the following, we will use C to denote a general positive constant that may depend on n, p 0 and Ω, and whose value may differ from line to line. In all the proof, we assume p ≥ p 0 . , Ω is strictly convex and let p 0 > 1. There exist positive constants δ depending only on Ω, and C depending only on n, p 0 and Ω, such that (i) The maximum of the solution u = u p in Ω can (only) be attained in Ω δ := {x ∈ Ω | dist(x, ∂Ω) ≥ δ}, moreover, the maximum of (−∆)
(ii) For every p ≥ p 0 , the solution u = u p satisfies the uniform bound:
Proof. Proof of (i).
By using the method of moving planes in local way as in [4] (see pp. [16] [17] [18] [19] [20] [21] in [4] ), we can get that (see pp. 19 in [4] ), for any x 0 ∈ ∂Ω, there exists a δ 0 > 0 depending only on x 0 and Ω such that, u(x) is monotone increasing along the internal normal direction in the region
Since ∂Ω is C n−2 , there exists a small enough 0 < r 0 < δ 0 8 depending only on x 0 and Ω such that, for any x ∈ B r 0 (x 0 )∩∂Ω, u(x) is monotone increasing along the internal normal direction at x in the region
where ν x denotes the unit internal normal vector at the point x (ν x 0 := ν 0 ). Since x 0 ∈ ∂Ω is arbitrary and ∂Ω is compact, we can cover ∂Ω by finite balls {B r k (x k )} u(x + sν x ) is monotone increasing with respect to s ∈ [0, δ] , and hence property (i) for u = u p follows from (3.3) immediately. Moreover, it is also clear from the procedure of moving planes in [4] that (see pp. 16-21
− 1) are also monotone increasing along the internal normal directions in the boundary layer Ω \ Ω δ , and hence the maximum of (−∆)
Proof of (ii). Let λ 1 be the first eigenvalue for (−∆) n 2 in Ω with Navier boundary condition, and 0 < φ ∈ C n (Ω) ∩ C n−2 (Ω) be the corresponding eigenfunction (without loss of generality, we may assume φ L ∞ (Ω) = 1), i.e.,
we obtain, as in Lemma 3.2 in page 20 of [4] ,
Thus, for any p ≥ p 0 , we have the following uniform bound:
Since Ω is at least C 1 , there exists a small ε x > 0 and a neighborhood V x of x in ∂Ω such that
Since x ∈ ∂Ω is arbitrary and ∂Ω is compact, we can find a finite subset
Considering the boundary layer Ωδ := {x ∈ Ω | dist(x, ∂Ω) ≤δ}, we see that ifδ > 0 is small enough,
From the procedure of moving planes in [4] , for all y ∈ V x k , σ → u(y + σν x k ) is monotone increasing on (0, ε x k ), and thus, using the second inclusion in (3.7) (3.8)
As a consequence, using the first inclusion in (3.7),
Combining with the uniform bound (3.6), we arrive at
which proves property (ii). This completes our proof of Lemma 3.1.
From now on, we will denote the solution u p by u for the sake of simplicity.
, we aim to prove that, there exists a constant C > 0 depending only on n, p 0 and Ω, such that M ≤ C for any p ≥ p 0 . We may assume that M > max 2 n , 2 For arbitrarily given x ∈ Ω δ , let G(x, y) denote the Green's function for (−∆) n 2 with pole at x. Then, we have
where the n 2
-harmonic function h satisfies
Since δ ≤ |x − y| ≤ 1 for all y ∈ ∂Ω, we have
for any y ∈ ∂Ω, and hence, the maximum principle implies (3.14)
On the boundary ∂Ω, we also have
for all y ∈ ∂Ω. It follows from (3.14), (3.15) and the maximum principles that
Continuing this way, we finally get
In conclusions, we have arrive at, for any given x ∈ Ω δ and k = 0, · · · ,
We have the following Lemma on uniform bound of the solution u = u p .
, Ω is strictly convex and let p 0 > 1. For every x ∈ Ω δ and p ≥ p 0 , the solution u = u p satisfies the uniform bound:
Proof. By (ii) in Lemma 3.1, (3.18) and the Green's representation formula, we have, for any x ∈ Ω δ and p ≥ p 0 ,
As a consequence, we get immediately that
This finishes our proof of Lemma 3.2.
− 1. By Lemma 3.1, the maximum M k can (only) be attained at some point x k ∈ Ω δ := {x ∈ Ω | dist(x, ∂Ω) ≥ δ}, that is, (−∆) k u(x k ) = M k . We have the following Lemma which is crucial in our proof. 
